Abstract. It is proved that a nonnegative matrix generated by a Soules matrix is a completely positive matrix with cp-rank equal to the rank.
1.
Introduction. An n × n matrix A is completely positive if it can be represented as a product A = BB T where B is a nonnegative matrix. The cp-rank of a completely positive matrix A is the minimal k for which there exists a nonnegative n × k matrix B satisfying A = BB T . A lot of work has been done on completely positive matrices [2] , but the two basic problems are still unsolved: Determining which nonnegative positive semidefinite matrices are completely positive, and computing the cp-ranks of completely positive matrices. As for the second problem, some bounds are known: By the definition, for any completely positive matrix
However, the cp-rank may be much larger than the rank. It is known that the cprank of a rank r completely positive matrix may be as big as r(r + 1)/2 − 1 (but not bigger) [1, 4] . The equality cp-rank A = rank A is known to hold for completely positive matrices of rank at most 2, or of order at most 3 × 3, and for completely positive matrices with certain zero patterns [2, 5] .
An n × n matrix R is a Soules matrix if it is an orthogonal matrix whose first column is positive, and for every nonnegative diagonal matrix D with nonincreasing diagonal elements the matrix RDR T is nonnegative. Such matrices were introduced in [6] , where Soules constructed for any positive vector x an orthogonal matrix R with these properties and with x as its first column. In [3] , Elsner, Nabben and Neumann described the structure of all such orthogonal matrices (and named them after Soules). A matrix of the form RDR T , where R is a Soules matrix and 
is a nonnegative diagonal matrix with nonincreasing diagonal elements. Then the matrix
, is also an n × n nonnegative matrix generated by a Soules matrix, and A = BB T .
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In this note we show that the cp-rank of a nonnegative matrix generated by a Soules matrix is actually equal to the rank. The proof is based on the structure of Soules matrices described in [3] . For the description we need some notations (similar, but not identical, to those used in [3] ). The set {1, 2, . . . , n} will be denoted by n . For any x ∈ R n and a set of indices K ⊆ n let x K = [y i ] be the n-vector defined by
. The rest of the partition sets of N l+1 are the same as those of N l . That is, for 1
. We refer to such a sequence of partitions a sequence of S-partitions of n . Finally, x N (l,j) will be abbreviated as x (l,j) , and the j-th column of the matrix A will be denoted by A j . The description in [3] of Soules matrices can be stated as follows: An n×n matrix R is a Soules matrix if and only if there exists a positive unit vector x and a sequence of S- partitions N 1 , N 2 , . . . , N n of n such that
where α j and β j are the unique nonnegative numbers satisfying
Observe that (1.2) guarantees that the norm of R j is 1, and (1.3) guarantees that the column R j is orthogonal to all its predecessors, so α j and β j are the unique nonnegative numbers making the matrix R defined in (1.1) orthogonal.
The cp-rank of Completely Positive Matrices Generated by Soules
Matrices. We prove the following theorem:
Theorem 2.1. Let A be an n × n nonnegative matrix generated by a Soules matrix, then cp-rank A = rank A.
Proof. The matrix A is of the form A = RDR T , where R is an n × n Soules matrix, and
As mentioned in Observation 1.1, A is completely positive. We will show that A = BB T where B is an n × r nonnegative matrix. Let
Then A =RDR T . Since complete positivity and cp-rank are not affected by simultaneous permutation of rows and columns, we may assume for convenience that each N (r, 1) = {1, . . . , l 1 }, N(r, 2) = {l 1 + 1, . . . , l 2 }, . . . , N(r, r) = {l r−1 + 1, . . . , n}. j = 1, . . . , r, x (r,j) is of the form
Thus for
wherex (r,j) is the vector in R lj −lj−1 consisting of the nonzero entries in x (r,j) . For simplicity we denote
where for i = 1, . . . , r and j = 2, . . . , r
otherwise. Now let S be the n × r nonnegative matrix
and let C be the r × r matrix
Since the columns ofR are orthonormal, so are the columns of C, so C is an orthogonal matrix. The first column of C is the positive vector 
